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Abstract 

The aim of this paper is to establish an efficient of a new transform called double SEJI integral transform 

to solve integral differential equations. Some important properties are proved by this suggested transform 

with theorem for the partial fractional Caputo derivatives. Finally, we use them to solve applications of some 

kinds of integral equations by transforming them to algebraic equations and solve by using the giving 

properties. 
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1. Introduction 

Integral transforms are extremely effective to solve lots of advanced science engineering problems. Many 

studies have used various integral transforms (Laplace, Sumudu, SEE, SEE complex, Emad- Falih transform, 

Emad- Sara, etc.) and solved differential and integral equations and their applications. [1, 2, 3, 4, 5, 6, 7]. 

Some mathematicians are developed transforms to double integral transforms in two dimensional spaces 

to solve partial differential and integral differential equations such as double Laplace, double Sumudu, double 

Aboodh, double Kamal, double Mahgoub Transforms, etc. [8, 9, 10, 11, 12], As well as, some of mathematicians 

applied double transforms for solving fractional partial differential equations [13, 14, 15, 16]. 

Several of transforms are combined them with exclusive mathematical methods like differential transform 

approach, homotopy perturbation technique, Adomian decomposition method, and variational iteration 

method [17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. 

In this work, we demonstrate the solution of kinds of integral differential equations by applying double 

SEJI integral transform.  
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2. Basic Definition[27] 

The SEJI integral transform is a new integral transform similar to the Laplace transform and other integral 

transforms that are defined in the time domain 𝑡 ≥ 0, such as the Sumudu transform, Elzaki transform, integral 

transform and SEE complex transform. 

 SEJI integral transform is defined for functions of exponential order. We consider functions in the set  𝐶 

defined by: 

𝐶 = {𝜓(𝑥): ∃𝑀, 𝐿1 𝑎𝑛𝑑 𝐿2 are greater than zero such that |𝜓(𝑥)| < 𝛭𝑒−𝑖𝐿𝑗|𝑥|, if 𝑥 ∈ (−1)𝑗 × [0, ∞), 𝑗 = 1, 2, 𝑖 =

√−1}. 

For a given function in the set 𝐶, the constant 𝑀 must be finite number and 𝐿1, 𝐿2 may be finite or infinite. Then, SEJI 

integral transform denoted by 𝑇𝑔
𝑐{𝜓(𝑥)} is defined by the integral equation: (1) 

              𝑇𝑔
𝑐{𝜓(𝑥)} = 𝐹𝑔

𝑐(𝑠) = 𝑝(𝑠) ∫ 𝑒−𝑖𝜙(𝑠)𝑥
∞

𝑥=0

𝜓(𝑥)𝑑𝑥,  

Where 𝑥 ≥ 0, 𝑝(𝑠) and𝜙(𝑠) are positive real functions, 𝑖 complex number.  [25] 

3. The Double SEJI Integral Transform 

Definition 3.1: Let 𝜓(𝑥, 𝛶) be an integrable function defined for the variables 𝑥 and 𝛶 in the first quadrant, 

𝑝1(𝑠), 𝑝2(𝜅) ≠ 0 and 𝜙1(𝑠), 𝜙2(𝜅) are positive real functions; we define the SEJI double integral transform 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} by the formula 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 (𝑠, 𝜅) = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶.    (2) 

Provided that the integral exists for some 𝜙1(𝑠), 𝜙2(𝜅). 

The following formula is the inverse of the Double SEJI  integral transform:  

𝑇2𝑔
𝑐 −1

{𝐹2𝑔
𝑐 (𝑠, 𝜅)} = 𝜓(𝑥, 𝛶) =

1

2𝜋𝑖
∫

𝑖

𝑝1(𝑠)

𝛾+𝑖∞

𝛾−𝑖∞

𝑒𝑖𝜙1(𝑠)𝑥𝑑𝑠 (
1

2𝜋𝑖
∫

𝑖

 𝑝2(𝜅)

𝜔+𝑖∞

𝜔−𝑖∞

𝑒𝑖𝜙2(𝜅)𝛶𝐹2𝑔
𝑐 (𝑠, 𝜅)𝑑𝜅 ), 

Where 𝛾 and 𝜔 are real constants. 

4. Properties of Double SEJI integral transform 

4.1. Linearity Property 

Let 𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐

1
(𝑠, 𝜅) and 𝑇2𝑔

𝑐 {𝛺(𝑥, 𝛶)} = 𝐹2𝑔
𝑐

1
(𝑠, 𝜅) then for every 𝜈 and 𝜐are arbitrary constants, then: 

𝑇2𝑔
𝑐 {𝜈𝜓(𝑥, 𝛶) ± 𝜐𝛺(𝑥, 𝛶)} = 𝜈𝐹2𝑔

𝑐

1
(𝑠, 𝜅) ± 𝜐𝐹2𝑔

𝑐

2
(𝑠, 𝜅). 

Proof: 

𝑇2𝑔
𝑐 {𝜃𝜓(𝜒, 𝛶) ± 𝜐𝛺(𝜒, 𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)[𝜈𝜓(𝜒, 𝛶) ± 𝜐𝛺(𝜒, 𝛶)]

∞

0

∞

0

𝑑𝑥𝑑𝛶,  

 = 𝑝1(𝑠) 𝑝2(𝜅) (∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)𝜈
∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶 ± ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)𝜐𝛺(𝜒, 𝛶)
∞

0

∞

0

𝑑𝑥𝑑𝛶 ), 

   = 𝑝1(𝑠) 𝑝2(𝜅) (𝜈 ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶

± 𝜐𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)𝛺(𝜒, 𝛶)
∞

0

∞

0

𝑑𝑥𝑑𝛶), 

= 𝜈𝑝1(𝑠) 𝑝2(𝜅) (∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶)

± 𝜐𝑝1(𝑠) 𝑝2(𝜅) (∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝛺(𝜒, 𝛶)𝑑𝑥𝑑𝛶), 

𝑇2𝑔
𝑐 {𝜈𝜓(𝑥, 𝛶) ± 𝜐𝛺(𝑥, 𝛶)} = 𝜈𝐹2𝑔

𝑐

1
(𝑠, 𝜅) ± 𝜐𝐹2𝑔

𝑐

2
(𝑠, 𝜅).           ∎ 

4.2 Shifting Property: 
If 𝑇2𝑔

𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔
𝑐 (𝑠, 𝜅) then 

𝑇2𝑔
𝑐 {𝑒−(𝜈𝑥+𝜐𝛶)𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 [(𝑖𝜙1(𝑠) + 𝜈), (𝑖𝜙2(𝜅) + 𝜐)]. 

Where 𝜈, 𝜐 ∈ 𝑅. 

Proof: 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 (𝜗, 𝜅) = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶.  
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Then the double SEJI integral transform of 𝑒−(𝜈𝑥+𝜐𝛶)𝜓(𝑥, 𝛶) is: 

𝑇2𝑔
𝑐 {𝑒−(𝜈𝑥+𝜐𝛶)𝜓(𝑥, 𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)𝑒−(𝜈𝑥+𝜐𝛶)

∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶,           

                                    = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−[(𝑖𝜙1(𝑠)+𝜈)𝜒+(𝑖𝜙2(𝜅)+𝜐)𝛶]
∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶,  

𝑇2𝑔
𝑐 {𝑒−(𝜈𝑥+𝜐𝛶)𝜓(𝜒, 𝛶)} = 𝐹2

𝑔

𝑐
[(𝑖𝜙1(𝑠) + 𝜈), (𝑖𝜙2(𝜅) + 𝜐)].           ∎    

 
4.3 Change of Scale Property: 
If 𝑇2𝑔

𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔
𝑐 (𝑠, 𝜅)then 

𝑇2𝑔
𝑐 {𝑓(𝜈𝑥, 𝜐𝛶)} =

1

𝜈𝜐
𝐹2𝑔

𝑐 [
𝜙1(𝑠)

𝜈
,
𝜙2(𝜅)

𝜐
]. 

Where 𝜈, 𝜐 ∈ 𝑅. 

Proof: 

𝑇2𝑔
𝑐 {𝜓(𝜈𝑥, 𝜐𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝜓(𝜈𝑥, 𝜐𝛶)𝑑𝑥𝑑𝛶,  

Substituting 𝜈𝑥 = 𝜇 and 𝜐𝛶 = 𝜛 in the previous equation, 

Hence, as 𝑥 → 0, 𝜇 → 0 and 𝛶 → 0, 𝜛 → 0, also  

𝑥 → ∞, 𝜇 → ∞ and 𝛶 → ∞, 𝜛 → ∞. 

𝜈𝑑𝑥 = 𝑑𝜇 and 𝜐𝑑𝛶 = 𝑑𝜛, then 𝑑𝑥 =
𝑑𝜇

𝜈
 and 𝑑𝛶 =

𝑑𝜛

𝜐
.  

𝑇2𝑔
𝑐 {𝜓(𝜈𝑥, 𝜐𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)

𝜇
𝜈

+𝜙2(𝜅)
𝜛
𝜐

)
𝜓(𝜇, 𝜛)

𝑑𝜇

𝜈

𝑑𝜛

𝜐

∞

0

∞

0

,  

=
1

𝜈𝜐
(𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒

−𝑖(
𝜙1(𝑠)

𝜈
𝜇+

𝜙2(𝜅)
𝜐

𝜛)
𝜓(𝜇, 𝜛)𝑑𝜇𝑑𝜛

∞

0

∞

0

 ), 

then 

𝑇2𝑔
𝑐 {𝜓(𝜈𝑥, 𝜐𝛶)} =

1

𝜈𝜐
𝐹2𝑔

𝑐 [
𝜙1(𝑠)

𝜈
,
𝜙2(𝜅)

𝜐
].           ∎   

 

4.4 Double Convolution Theorem: 
Suppose that 𝜓(𝑥, 𝛶), 𝛺(𝑥, 𝛶) are continuous functions with two variables, then the double convolution of 

𝜓(𝑥, 𝛶), 𝛺(𝑥, 𝛶)is written as: 

𝜓(𝑥, 𝛶) ∗∗ 𝛺(𝑥, 𝛶) = ∫ ∫ 𝜓(𝑥 − 𝜏, 𝛶 − 𝜇)
𝑥

0

𝛺(𝑥, 𝛶)𝑑𝜏𝑑𝜇
𝛶

0

. 

Where (∗∗) denotes the double convolution for 𝑥, 𝛶. 

Theorem (4.1): Let 𝐹2𝑔
𝑐

1
(𝑠, 𝜅), 𝐹2𝑔

𝑐

2
(𝑠, 𝜅) be SEJI double integral transform of the functions 𝜓(𝑥, 𝛶), 

𝛺(𝑥, 𝛶) respectively, 𝛩1(𝜗)𝛩2(𝜅) ≠ 0, ∀𝜗, 𝜅 > 0, then 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶) ∗∗ 𝛺(𝑥, 𝛶)} =

1

𝛩1(𝜗)𝛩2(𝜅)
𝐹2𝑔

𝑐

1
(𝑠, 𝑟)𝐹2𝑔

𝑐

2
(𝑠, 𝑟). 

 

Proof: we have 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶) ∗∗ 𝛺(𝑥, 𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

(∫ ∫ 𝜓(𝑥 − 𝜏, 𝛶 − 𝜇)
𝑥

0

𝛶

0

𝛺(𝜏, 𝜇)𝑑𝜏𝑑𝜇) 𝑑𝑥𝑑𝛶,  

Substituting 𝜈 = 𝑥 − 𝜏, 𝜐 = 𝛶 − 𝜇 and letting 𝑥, 𝛶 to ∞, we get  

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶) ∗∗ 𝛺(𝑥, 𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ (∫ ∫ 𝜓(𝜈, 𝑣)𝛺(𝜏, 𝜇)𝑑𝜏𝑑𝜇

∞

−𝜏

∞

−𝜏

)
∞

0

∞

0

𝑒−𝑖(𝜙1(𝑠)(𝜈+𝜏)+𝜙2(𝜅)(𝜐+𝜇))𝑑𝜈𝑑𝜐, 

= 𝑝1(𝑠) ∫ ∫ 𝜓(𝜈, 𝜐)
∞

0

∞

0

( 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝜏+𝜙2(𝜅)𝜇)
∞

−𝜏

∞

−𝜏

𝛺(𝜏, 𝜇)𝑑𝜏𝑑𝜇) 𝑒−𝑖(𝜙1(𝑠)𝜈+𝜙2(𝜅)𝜐)𝑑𝜈𝑑𝜐,  

= ∫ ∫ 𝜓(𝜈, 𝑣)
∞

0

∞

0

(𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝜏+𝜙2(𝜅)𝜇)
∞

0

∞

0

𝛺(𝜏, 𝜇)𝑑𝜏𝑑𝜇) 𝑒−𝑖(𝜙1(𝑠)𝜈+𝜙2(𝜅)𝜐)𝑑𝜈𝑑𝜐,  

Because both functions 𝜓(𝑥, 𝛶) and 𝛺(𝑥, 𝛶) have zero negative values. Therefore, it yields that 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶) ∗∗ 𝛺(𝑥, 𝛶)} = 𝑇2𝑔

𝑐 {𝛺(𝑥, 𝛶)} ∫ ∫ 𝜓(𝜈, 𝜐)
∞

0

∞

0

𝑒−𝑖(𝜙1(𝑠)𝜈+𝜙2(𝜅)𝜐)𝑑𝜈𝑑𝜐,  

 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶) ∗∗ 𝛺(𝑥, 𝛶)} =

1

𝑝1(𝑠) 𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜓(𝑥, 𝛶)}𝑇2𝑔
𝑐 {𝛺(𝑥, 𝛶)}, 
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𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶) ∗∗ 𝛺(𝑥, 𝛶)} =

1

𝑝1(𝑠) 𝑝2(𝜅)
𝐹2𝑔

𝑐

1
(𝑠, 𝜅)𝐹2𝑔

𝑐

2
(𝑠, 𝜅).           ∎  

 

5. The Double SEJI Integral Transform for some Fundamental Functions  
In this section, we shall derive some elementary functions by using Double SEJI integral transform. 

Formula 5.1. 
𝜓(𝑥, 𝛶) = 1, 𝑥, 𝛶 > 0, 

𝑇2𝑔
𝑐 {1} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑑𝑥𝑑𝛶,             

                = 𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−𝑖𝜙2(𝜅)𝛶
∞

0

(∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

𝑑𝑥 ) 𝑑𝛶,         

               = 𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−𝑖𝜙2(𝜅)𝛶
∞

0

(
−1

𝑖𝜙1(𝑠)
𝑒−𝑖𝜙1(𝑠)𝑥 |

∞
0

) 𝑑𝛶, 

              =
𝑝1(𝑠) 𝑝2(𝜅)

𝑖𝜙1(𝑠)

−1

𝑖𝜙2(𝜅)
(𝑒−𝑖𝜙2(𝜅)𝛶 |

∞
0

),                    

𝑇2𝑔
𝑐 {1} =

−𝑝1(𝑠) 𝑝2(𝜅)

𝜙1(𝑠)𝜙2(𝜅)
.            

Formula 5.2. 
𝜓(𝑥, 𝛶) = 𝑒𝜈𝑥+𝜐𝛶 , 𝜈, 𝜐 ∈ 𝑅, 

𝑇2𝑔
𝑐 {𝑒𝜈𝑥+𝜐𝛶} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)𝑒𝜈𝑥+𝜐𝛶

∞

0

∞

0

𝑑𝑥𝑑𝛶,             

                         = 𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−(𝑖𝜙2(𝜅)−𝜐)𝛶
∞

0

(∫ 𝑒−(𝑖𝜙1(𝑠)−𝜈)𝑥
∞

0

𝑑𝑥) 𝑑𝛶, 

𝑇2𝑔
𝑐 {𝑒𝜈𝑥+𝜐𝛶} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−(𝑖𝜙2(𝜅)−𝜐)𝛶

∞

0

(
−1

𝑖𝜙1(𝑠) − 𝜈
𝑒𝑒−(𝑖𝜙1(𝑠)−𝜈)𝑥

|
∞
0

) 𝑑𝛶, 

                         =
𝛩1(𝜗)𝛩2(𝜅)

𝑖𝜙1(𝑠) − 𝜈
(𝑒−(𝑖𝜙2(𝜅)−𝜐)𝛶 |

∞
0

), 

                         =
𝑝1(𝑠) 𝑝2(𝜅)

(𝑖𝜙1(𝑠) − 𝜈)(𝑖𝜙2(𝜅) − 𝜐)
,                                           

𝑇2𝑔
𝑐 {𝑒𝜈𝑥+𝜐𝛶} =

𝑝1(𝑠) 𝑝2(𝜅)

(𝜈2 + [𝜙1(𝑠)]2)(𝜐2 + [𝜙2(𝜅)]2)
(𝜈 + 𝑖𝜙1(𝑠))(𝜐 + 𝑖𝜙2(𝜅)).   

Formula 5.3. 

𝜓(𝑥, 𝛶) = 𝑒𝑖(𝜈𝑥+𝜐𝛶), 𝜈, 𝜐 ∈ 𝑅, 

𝑇2𝑔
𝑐 {𝑒𝑖(𝜈𝑥+𝜐𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑒𝑖(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶,          

                            = 𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−𝑖(𝜙2(𝜅)−𝜐)𝛶
∞

0

(∫ 𝑒−𝑖(𝜙1(𝑠)−𝜈)𝑥
∞

0

𝑑𝑥) 𝑑𝛶, 

𝑇2𝑔
𝑐 {𝑒𝑖(𝜈𝑥+𝜐𝛶)} =

−𝑝1(𝑠) 𝑝2(𝜅)

(𝜙1(𝑠) − 𝜈)(𝜙2(𝜅) − 𝜐)
. 

   Formula 5.4. 
𝜓(𝑥, 𝛶) =𝑠𝑖𝑛 (𝜈𝑥 + 𝜐𝛶) , 𝜈, 𝜐 ∈ 𝑅,  

𝑇2𝑔
𝑐 {𝑠𝑖𝑛 (𝜈𝑥 + 𝜐𝛶) } = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑠𝑖𝑛 (𝜈𝑥 + 𝜐𝛶) 𝑑𝑥𝑑𝛶,             

                                     = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

[
𝑒𝑖(𝜈𝑥+𝜐𝛶) − 𝑒−𝑖(𝜈𝑥+𝜐𝛶)

2𝑖
] 𝑑𝑥𝑑𝛶,  

                                                        =
1

2𝑖
𝑝1(𝑠) 𝑝2(𝜅)(∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)∞

0

∞

0
𝑒𝑖(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶 −

∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)∞

0

∞

0
𝑒−𝑖(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶 ),   

 

                                                          =
1

2𝑖
𝑝1(𝑠) 𝑝2(𝜅)(∫ ∫ 𝑒−𝑖(𝜙1(𝑠)−𝜈)𝑥∞

0

∞

0
𝑒−𝑖(𝜙2(𝜅)−𝜐)𝛶𝑑𝑥𝑑𝛶 −

∫ ∫ 𝑒−𝑖(𝜙1(𝑠)+𝜈)𝑥∞

0

∞

0
𝑒−𝑖(𝜙2(𝜅)+𝜐)𝛶𝑑𝑥𝑑𝛶 ),  

𝑇2𝑔
𝑐 {𝑠𝑖𝑛 (𝜈𝑥 + 𝜐𝛶𝛶) } =

1

2𝑖
[

−𝑝1(𝑠) 𝑝2(𝜅)

(𝜙1(𝑠) − 𝜈)(𝜙2(𝜅) − 𝜐)
+

𝑝1(𝑠) 𝑝2(𝜅)

(𝜙1(𝑠) + 𝜈)(𝜙2(𝜅) + 𝜐)
] 

𝑇2𝑔
𝑐 {𝑠𝑖𝑛 (𝜈𝑥 + 𝜐𝛶) } =

−𝑖𝑝1(𝑠) 𝑝2(𝜅)[𝜐𝜙1(𝑠) + 𝜈𝜙2(𝜅)]

([𝜙1(𝑠)]2 − 𝜈2)([𝜙2(𝜅)]2 − 𝜐2)
.  
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Formula 5.5. 
𝜓(𝑥, 𝛶) =𝑐𝑜𝑠 (𝜈𝑥 + 𝜐𝛶) , 𝜈, 𝜐 ∈ 𝑅,  

𝑇2𝑔
𝑐 {𝑐𝑜𝑠 (𝜈𝑥 + 𝜐𝛶) } = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑐𝑜𝑠 (𝜈𝑥 + 𝜐𝛶) 𝑑𝑥𝑑𝛶,             

                                        = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

[
𝑒𝑖(𝜈𝑥+𝜐𝛶) + 𝑒−𝑖(𝜈𝑥+𝜐𝛶)

2
] 𝑑𝑥𝑑𝛶,  

                           =
1

2
𝛩1(𝜗)𝛩2(𝜅) (∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑒𝑖(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶

+ ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝑒−𝑖(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶 ), 

                      =
1

2
𝑝1(𝑠) 𝑝2(𝜅) (∫ ∫ 𝑒−𝑖(𝜙1(𝑠)−𝜈)𝑥

∞

0

∞

0

𝑒−𝑖(𝜙2(𝜅)−𝜐)𝛶𝑑𝑥𝑑𝛶 + ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)+𝜈)𝑥
∞

0

∞

0

𝑒−𝑖(𝜙2(𝜅)+𝜐)𝛶𝑑𝑥𝑑𝛶 ), 

                                    =
1

2
[

−𝑝1(𝑠) 𝑝2(𝜅)

(𝜙1(𝑠) − 𝜈)(𝜙2(𝜅) − 𝜐)
−

𝑝1(𝑠) 𝑝2(𝜅)

(𝜙1(𝑠) + 𝜈)(𝜙2(𝜅) + 𝜐)
] 

𝑇2𝑔
𝑐 {𝑐𝑜𝑠 (𝜈𝜒 + 𝜐𝛶) } =

−𝑝1(𝑠) 𝑝2(𝜅)[𝜙1(𝑠)𝜙2(𝜅) + 𝜈𝜐]

([𝜙1(𝑠)]2 − 𝜈2)([𝜙2(𝜅)]2 − 𝜐2)
.      

Formula 5.6. 
𝜓(𝑥, 𝛶) =𝑠𝑖𝑛ℎ (𝜈𝑥 + 𝜐𝛶) , 𝜈, 𝜐 ∈ 𝑅,  

𝑇2𝑔
𝑐 {𝑠𝑖𝑛ℎ (𝜈𝑥 + 𝜐𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑠𝑖𝑛ℎ (𝜈𝑥 + 𝜐𝛶) 𝑑𝑥𝑑𝛶, 

                                        = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)∞

0

∞

0
[

𝑒(𝜈𝑥+𝜐𝛶)−𝑒−(𝜈𝑥+𝜐𝛶)

2
] 𝑑𝑥𝑑𝛶,    

              =
1

2
𝑝1(𝑠) 𝑝2(𝜅) (∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑒(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶 − ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝑒−(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶 ), 

      =
1

2
𝑝1(𝑠) 𝑝2(𝜅) (∫ ∫ 𝑒−(𝜙1(𝑠)−𝜈)𝑥

∞

0

∞

0

𝑒−(𝑖𝜙2(𝜅)−𝜐)𝛶𝑑𝑥𝑑𝛶 − ∫ ∫ 𝑒−(𝜙1(𝑠)+𝜈)𝑥
∞

0

∞

0

𝑒−(𝑖𝜙2(𝜅)+𝜐)𝛶𝑑𝑥𝑑𝛶 ), 

                                    =
1

2
[

−𝑝1(𝑠) 𝑝2(𝜅)

(𝑖𝜙1(𝑠) − 𝜈)(𝑖𝜙2(𝜅) − 𝜐)
−

𝑝1(𝑠) 𝑝2(𝜅)

(𝑖𝜙1(𝑠) + 𝜈)(𝑖𝜙2(𝜅) + 𝜐)
], 

𝑇2𝑔
𝑐 {𝑠𝑖𝑛ℎ (𝜈𝑥 + 𝜐𝛶) } =

−𝑖𝑝1(𝑠) 𝑝2(𝜅)[𝜐𝜙1(𝑠) + 𝜈𝜙2(𝜅)]

([𝜙1(𝑠)]2 + 𝜈2)([𝜙2(𝜅)]2 + 𝜐2)
 

Formula 5.7. 
𝜓(𝜒, 𝛶) =𝑐𝑜𝑠ℎ (𝜈𝜒 + 𝜐𝛶) , 𝜈, 𝜐 ∈ 𝑅,  

𝑇2𝑔
𝑐 {𝑐𝑜𝑠ℎ (𝜈𝜒 + 𝜐𝛶) } = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑐𝑜𝑠ℎ (𝜈𝑥 + 𝜐𝛶) 𝑑𝑥𝑑𝛶,             

= 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

[
𝑒(𝜈𝑥+𝜐𝛶) + 𝑒−(𝜈𝑥+𝜐𝛶)

2
] 𝑑𝑥𝑑𝛶,  

                  =
1

2
𝑝1(𝑠) 𝑝2(𝜅) (∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑒(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶 + ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝑒−(𝜈𝑥+𝜐𝛶)𝑑𝑥𝑑𝛶 ), 

                  =
1

2
𝑝1(𝑠) 𝑝2(𝜅)(∫ ∫ 𝑒−(𝑖𝜙1(𝑠)−𝜈)𝑥∞

0

∞

0
𝑒−(𝑖𝜙2(𝜅)−𝜐)𝛶𝑑𝑥𝑑𝛶 + ∫ ∫ 𝑒−(𝑖𝜙1(𝑠)+𝜈)𝑥∞

0

∞

0
𝑒−(𝑖𝜙2(𝜅)+𝜐)𝛶𝑑𝑥𝑑𝛶 ),  

                                       =
1

2
[

−𝑝1(𝑠) 𝑝2(𝜅)

(𝑖𝜙1(𝑠) − 𝜈)(𝑖𝜙2(𝜅) − 𝜐)
+

𝑝1(𝑠) 𝑝2(𝜅)

(𝑖𝜙1(𝑠) + 𝜈)(𝑖𝜙2(𝜅) + 𝜐)
] 

 

𝑇2𝑔
𝑐 {𝑐𝑜𝑠ℎ (𝜈𝑥 + 𝜐𝛶) } =

−𝑝1(𝑠) 𝑝2(𝜅)[𝜙1(𝑠)𝜙2(𝜅) + 𝜈𝜐]

([𝜙1(𝑠)]2 + 𝜈2)([𝜙2(𝜅)]2 + 𝜐2)
.   

 Formula 5.8. 
𝜓(𝑥, 𝛶) = (𝜒𝛶)𝜂, 𝜂 > 0  

𝑇2𝑔
𝑐 {(𝜒𝛶)𝜂} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

(𝑥𝛶)𝜂𝑑𝑥𝑑𝛶,             

                        = 𝑝1(𝑠) 𝑝2(𝜅) ∫ (∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

𝑥𝜂𝑑𝑥)
∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝛶𝜂𝑑𝛶 

                        = 𝑝1(𝑠) 𝑝2(𝜅) ∫ [
(−𝑖)𝜂+1𝛤(𝜂 + 1)

[𝜙1(𝑠)]𝜂+1
]

∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝛶𝜂𝑑𝛶 

𝑇2𝑔
𝑐 {(𝑥𝛶)𝜂} =

(−𝑖)2(𝜂+1)[𝛤(𝜂 + 1)]2𝑝1(𝑠) 𝑝2(𝜅)

[𝜙1(𝑠)𝜙2(𝜅)]𝜂+1
.            

Formula 5.9. 
𝜓(𝑥, 𝛶) = 𝑥𝜇𝛶𝜂 , 𝜇, 𝜂 > 0  
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𝑇2𝑔
𝑐 {𝑥𝜇𝛶𝜂} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝑥𝜇𝛶𝜂𝑑𝑥𝑑𝛶,             

                     = 𝑝1(𝑠) 𝑝2(𝜅) ∫ (∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

𝑥𝜇𝑑𝑥)
∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝛶𝜂𝑑𝛶 

𝑇2𝑔
𝑐 {𝑥𝜇𝛶𝜂} =

(−𝑖)𝜇+1(−𝑖)𝜂+1𝛤(𝜇 + 1)𝛤(𝜂 + 1)𝑝1(𝑠) 𝑝2(𝜅)

[𝜙1(𝑠)]𝜇+1[𝜙2(𝜅)]𝜂+1
.           ∎ 

Formula 5.10. 

𝜓(𝑥, 𝛶) = 𝐽0(𝑐√𝑥𝛶).    

𝑇2𝑔
𝑐 {𝐽0(𝑐√𝑥𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝐽0(𝑐√𝑥𝛶)𝑑𝑥𝑑𝛶,  

                             =  𝑝2(𝜅) ∫ (𝑝1(𝑠) ∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

𝐽0(𝑐√𝑥𝛶)𝑑𝑥)
∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶, 

                            =  𝑝2(𝜅) ∫ (
−𝑖𝑝1(𝑠)

𝜙1(𝑠)
𝑒

−𝑖𝑐2

4𝜙1(𝑠)
𝛶

)
∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶, 

                           =
−𝑖𝑝1(𝑠) 𝑝2(𝜅)

𝜙1(𝑠)
∫ (𝑒𝛶)

∞

0

𝑒
−𝑖(𝜙2(𝜅)−

𝑐2

4𝜙1(𝑠)
)𝛶

𝑑𝛶, 

                          =
−𝑖𝑝1(𝑠) 𝑝2(𝜅)

𝜙1(𝑠)

1

[𝜙2(𝜅) −
𝑐2

4𝜙1(𝑠)
]

(0 − 1), 

𝑇2𝑔
𝑐 {𝐽0(𝑐√𝑥𝛶)} =

−4𝑝1(𝑠) 𝑝2(𝜅)

4𝜙1(𝑠)𝜙2(𝜅) − 𝑐2
.            

 

Formula 5.11. 
𝜓(𝑥, 𝛶) = 𝛺(𝑥)𝛬(𝛶).    

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶,             

                          = [𝑝1(𝑠) ∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

𝛺(𝑥)𝑑𝑥] [ 𝑝2(𝜅) ∫ 𝑒−𝑖𝜙2(𝜅)𝛶
∞

0

𝛬(𝛶)𝑑𝛶], 

𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝑇𝑔

𝑐{𝛺(𝑥)}𝑇𝑔
𝑐{𝛬(𝛶)}.           ∎ 

6. The Double SEJI Integral Transform of Partial Differential Derivatives  

Here, some results related to double SEJI integral transform partial derivatives are proposed. The partial 

derivatives for 𝑥 will be as follows:  

Theorem 6.1. Let  𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 (𝑠, 𝜅) , then  

i. 𝑇2𝑔
𝑐 {

𝜕𝜓(𝑥,𝛶)

𝜕𝑥
} = 𝑖𝜙1(𝑠)𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝1(𝑠)𝑇𝑔
𝑐{𝜓(0, 𝛶)}.   

ii. 𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥,𝛶)

𝜕𝑥2 } = [𝑖𝜙1(𝑠)]2𝐹2𝑔
𝑐 (𝑠, 𝜅) − 𝑖𝜙1(𝑠)𝑝1(𝑠)𝑇𝑔

𝑐{𝜓(0, 𝛶)} − 𝑝1(𝑠)𝑇𝑔
𝑐 {

𝜕𝜓

𝜕𝑥
(0, 𝛶)}  

Proof: i. 

𝑇2𝑔
𝑐 {

𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ (∫ 𝑒−𝑖𝜙1(𝑠)𝑥

∞

0

𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
𝑑𝑥 )

∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶,            

Integrate above by parts, we get: 

𝑇2𝑔
𝑐 {

𝜕𝜓(𝑥,𝛶)

𝜕𝑥
} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ (𝑒−𝑖𝜙1(𝑠)𝑥 ∫

𝜕𝜓(𝑥,𝛶)

𝜕𝑥

∞

0
𝑑𝑥 − ∫ (−𝑖𝜙1(𝑠)𝑒−𝑖𝜙1(𝑠)𝑥 ∫

𝜕𝜓(𝑥,𝛶)

𝜕𝑥

∞

0
𝑑𝑥)

∞

0
𝑑𝑥)

∞

0
𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶,            

= 𝑝1(𝑠) 𝑝2(𝜅) ∫ (−𝜓(0, 𝛶) + 𝑖𝜙1(𝑠) ∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

𝜓(𝑥, 𝛶)𝑑𝜒)
∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶, 

= −𝑝1(𝑠) 𝑝2(𝜅) ∫ −𝜓(0, 𝛶)
∞

0

𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶 + 𝑖𝜙1(𝑠)𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝜓(𝑥, 𝛶)𝑑𝑥𝑑𝛶, 

𝑇2𝑔
𝑐 {

𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
} = 𝑖𝜙1(𝑠)𝐹2𝑔

𝑐 (𝜗, 𝜅) − 𝛩1(𝜗)𝑇𝑔
𝑐{𝜓(0, 𝛶)}.      ∎ 
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ii.   𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥,𝛶)

𝜕𝑥2 } = 𝑝1(𝑠) 𝑝2(𝜅) ∫ (∫ 𝑒−𝑖𝜙1(𝑠)𝑥∞

0

𝜕2𝜓(𝑥,𝛶)

𝜕𝑥2 𝑑𝑥 )
∞

0
𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶,            

Integrate above by parts, we get: 

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥,𝛶)

𝜕𝑥2 } = 𝑝1(𝑠) 𝑝2(𝜅) ∫ (𝑒−𝑖𝜙1(𝑠)𝑥 ∫
𝜕𝜓(𝑥,𝛶)

𝜕𝑥

∞

0
𝑑𝑥 − ∫ (−𝑖𝜙1(𝑠)𝑒−𝑖𝜙1(𝑠)𝑥 ∫

𝜕2𝜓(𝜒,𝛶)

𝜕𝑥2

∞

0
𝑑𝑥)

∞

0
𝑑𝑥)

∞

0
𝑒−𝑖𝜙2(𝜅)𝛶𝑑𝛶,         

Let 𝑢 = 𝑒−𝑖𝛷1(𝜗)𝑥 ⇒ 𝑑𝑢 = −𝑖𝜙1(𝑠)𝑒−𝑖𝜙1(𝑠)𝑥𝑑𝑥, 

        𝑑𝑣 =
𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
𝑑𝜒 ⇒ 𝑣 = ∫

𝜕3𝜓(𝑥, 𝛶)

𝜕𝑥3

∞

0

𝑑𝑥. 

Then: 

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
} =  𝑝2(𝜅) ∫ 𝑒−𝑖𝜙2(𝜅)𝛶

∞

0

𝑑𝛶 [𝑝1(𝑠) (𝑒−𝑖𝜙1(𝑠)𝑥 ∫ (
𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
)

∞

0

𝑑𝑥

+ 𝑖𝜙1(𝑠) ∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

(∫
𝜕2𝜓(𝑥, 𝑦)

𝜕𝑥2

∞

0

𝑑𝑥) 𝑑𝑥)], 

= 𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−𝑖𝜙2(𝜅)𝛶
∞

0

(
−𝜕𝜓(0, 𝛶)

𝜕𝑥
+ 𝑖𝜙1(𝑠) ∫ 𝑒−𝑖𝜙1(𝑠)𝑥

∞

0

𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
𝑑𝑥) 𝑑𝛶, 

= 𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−𝑖𝜙2(𝜅)𝛶
∞

0

𝜕2𝜓(0, 𝛶)

𝜕𝑥2
𝑑𝛶 + 𝑖𝜙1(𝑠)𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

(
𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
) 𝑑𝑥𝑑𝛶,  

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
} = −𝑝1(𝑠)𝑇𝑔

𝑐 {
𝜕𝜓(0, 𝛶)

𝜕𝑥
} + 𝑖𝜙1(𝑠)𝑇2𝑔

𝑐 {
𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
}. 

By substituting 𝑇2𝑔
𝑐 {

𝜕𝜓(𝑥,𝛶)

𝜕𝑥
} we get: 

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
} = [𝑖𝜙1(𝑠)]2𝐹2𝑔

𝑐 (𝜗, 𝜅) − 𝑖𝜙1(𝑠)𝑝1(𝑠)𝑇𝑔
𝑐{𝜓(0, 𝛶)} − 𝑝1(𝑠)𝑇𝑔

𝑐 {
𝜕𝜓

𝜕𝑥
(0, 𝛶)} .   ∎  

In general, 

𝑇2𝑔
𝑐 {

𝜕𝑛𝜓(𝑥, 𝛶)

𝜕𝑥𝑛
} = (𝑖𝜙1(𝑠))

𝑛
𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝1(𝑠) [∑(𝑖𝜙1(𝑠))
𝑛−𝑘−1

𝑛−1

𝑘=0

𝑇𝑔
𝑐 {

𝜕𝑘𝜓

𝜕𝑥𝑘
(0, 𝛶)}]. 

We can prove the above formula By Mathematical Induction,  

for 𝑛 = 1, we proved it later. 

Suppose that true for 𝑛 = 𝑚 that means: 

𝑇2𝑔
𝑐 {

𝜕𝑚𝜓(𝑥, 𝛶)

𝜕𝑥𝑚
} = (𝑖𝜙1(𝑠))

𝑚
𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝1(𝑠) [ ∑ (𝑖𝜙1(𝑠))
𝑚−𝑘−1

𝑚−1

𝑘=0

𝑇𝑔
𝑐 {

𝜕𝑘𝜓

𝜕𝑥𝑘
(0, 𝛶)}], 

We want to prove that 𝑛 = 𝑚 + 1 

𝑇2𝑔
𝑐 {

𝜕𝑚+1𝜓(𝑥, 𝛶)

𝜕𝑥𝑚+1
} = 𝑇𝑔

𝑐 {
𝜕

𝜕𝑥
(

𝜕𝑚𝜓(𝑥, 𝛶)

𝜕𝑥𝑚
)} = (𝑖𝜙1(𝑠))𝑇𝑔

𝑐 {(
𝜕𝑚𝜓(𝑥, 𝛶)

𝜕𝑥𝑚
)} − 𝑝1(𝑠)𝑇𝑔

𝑐 {
𝜕𝑚𝜓

𝜕𝑥𝑚
(0, 𝛶)}, 

= (𝑖𝜙1(𝑠)) ((𝑖𝜙1(𝑠))
𝑚

𝐹2𝑔
𝑐 (𝑠, 𝜅) − 𝑝1(𝑠) [ ∑ (𝑖𝜙1(𝑠))

𝑚−𝑘−1
𝑚−1

𝑘=0

𝑇𝑔
𝑐 {

𝜕𝑘𝜓

𝜕𝑥𝑘
(0, 𝛶)}]) − 𝑝1(𝑠)𝑇𝑔

𝑐 {
𝜕𝑚𝜓

𝜕𝑥𝑚
(0, 𝛶)}, 

= (𝑖𝜙1(𝑠))
𝑚+1

𝐹2𝑔
𝑐 (𝑠, 𝜅) − 𝑝1(𝑠) ∑ (𝑖𝜙1(𝑠))

𝑚−𝑘−1
𝑚−1

𝑘=0

𝑇𝑔
𝑐 {

𝜕𝑘𝜓

𝜕𝑥𝑘
(0, 𝛶)} − 𝑝1(𝑠)𝑇𝑔

𝑐 {
𝜕𝑚𝜓

𝜕𝑥𝑚
(0, 𝛶)}, 

= (𝑖𝜙1(𝑠))
𝑚+1

𝐹2𝑔
𝑐 (𝑠, 𝜅) − 𝑝1(𝑠) [ ∑ (𝑖𝜙1(𝑠))

𝑚−𝑘−1
𝑚−1

𝑘=0

𝑇𝑔
𝑐 {

𝜕𝑘𝜓

𝜕𝑥𝑘
(0, 𝛶)} + 𝑇𝑔

𝑐 {
𝜕𝑚𝜓

𝜕𝑥𝑚
(0, 𝛶)}], 

= (𝑖𝜙1(𝑠))
𝑚+1

𝐹2𝑔
𝑐 (𝑠, 𝜅) − 𝑝1(𝑠) [∑(𝑖𝜙1(𝑠))

𝑚−𝑘−1
𝑚

𝑘=0

𝑇𝑔
𝑐 {

𝜕𝑘𝜓

𝜕𝑥𝑘
(0, 𝛶)}], 

= 𝑇2𝑔
𝑐 {

𝜕𝑚+1𝜓(𝑥, 𝛶)

𝜕𝑥𝑚+1
}.                       

So the theorem is true for 𝑛 ∈ 𝑁.    ∎ 
                       

Theorem 6.2. Let  𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 (𝑠, 𝑟) , then  

i. 𝑇2𝑔
𝑐 {

𝜕𝜓(𝑥,𝛶)

𝜕𝛶
} = 𝑖𝜙2(𝜅)𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝2(𝜅)𝑇𝑔
𝑐{𝜓(𝑥, 0)}.  

ii. 𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥,𝛶)

𝜕𝛶2 } = [𝑖𝜙2(𝜅)]2𝐹2𝑔
𝑐 (𝑠, 𝜅) − 𝑖𝜙2(𝜅) 𝑝2(𝜅)𝑇𝑔

𝑐{𝜓(𝑥, 0)} −  𝑝2(𝜅)𝑇𝑔
𝑐 {

𝜕𝜓

𝜕𝛶
(𝑥, 0)}.  

iii. 𝑇2𝑔
𝑐 {

𝜕𝑛𝜓(𝑥,𝛶)

𝜕𝛶𝑛 } = (𝑖𝜙2(𝜅))
𝑛

𝐹2𝑔
𝑐 (𝑠, 𝜅) −  𝑝2(𝜅) [∑ (𝑖𝜙2(𝜅))

𝑛−𝑘−1𝑛−1
𝑘=0 𝑇𝑔

𝑐 {
𝜕𝑘𝜓

𝜕𝛶𝑘
(𝑥, 0)}]. 
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This theorem has the same approach of proof but with respect to 𝛾. 

Theorem 6.3. The double SEJI integral transform of the partial derivative for 𝑥, 𝛶 is constructed by:  

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥,𝛶)

𝜕𝑥𝜕𝑦
} = 𝑖2𝑝1(𝑠) 𝑝2(𝜅)𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑖𝜙2(𝜅)𝑝1(𝑠)𝑇𝑔
𝑐{𝜓(0, 𝛶)} − 𝑖𝜙1(𝑠)𝑝2(𝜅)𝑇𝑔

𝑐{𝜓(𝑥, 0)} −

𝑝1(𝑠)𝑝2(𝜅)𝜓(0, 0).  

 

Proof: we have 

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥𝜕𝛶
} = 𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)

∞

0

∞

0

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥𝜕𝛶
𝑑𝑥𝑑𝛶,            

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝜒, 𝛶)

𝜕𝜒𝜕𝛶
} = 𝑝1(𝑠) ∫ 𝑒−𝑖𝜙1(𝑠)𝑥

∞

0

( 𝑝2(𝜅) ∫ 𝑒−𝑖𝜙2(𝜅)𝛶
∞

0

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
𝑑𝑥 ) 𝑑𝛶, 

Integrate above by parts with respect to 𝛾, we get: 

 

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥𝜕𝛶
} = 

          −𝑝1(𝑠) 𝑝2(𝜅) ∫ 𝑒−𝑖𝜙1(𝑠)𝑥
∞

0

𝜕𝜓(𝑥, 0)

𝜕𝑥
𝑑𝑥 + 𝑖𝜙2(𝜅)𝑝1(𝑠) 𝑝2(𝜅) ∫ ∫

𝜕𝜓(𝑥, 𝛶)

𝜕𝑥

∞

0

∞

0

𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)𝑑𝑥𝑑𝛶, 

= − 𝑝2(𝜅)𝑇𝑔
𝑐 {

𝜕𝜓(𝑥, 0)

𝜕𝑥
} + 𝑖𝜙2(𝜅)𝑇2𝑔

𝑐 {
𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
}, 

               = − 𝑝2(𝜅)[𝑖𝜙1(𝑠)𝑇𝑔
𝑐{𝜓(𝑥, 0)} − 𝑝1(𝑠)𝜓(0, 0)] + 𝑖𝜙2(𝜅) [𝑖𝜙1(𝑠)𝑇2𝑔

𝑐 {𝜓(𝑥, 𝛶)} − 𝑝1(𝑠)𝑇𝑔
𝑐{𝜓(0, 𝛶)}], 

 

𝑇2𝑔
𝑐 {

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥𝜕𝛶
} = 𝑖2𝑝1(𝑠) 𝑝2(𝜅)𝐹2𝑔

𝑐 (𝜗, 𝜅) − 𝑖𝜙2(𝜅)𝑝1(𝑠)𝑇𝑔
𝑐{𝜓(0, 𝛶)} − 𝑖𝜙1(𝑠) 𝑝2(𝜅)𝑇𝑔

𝑐{𝜓(𝑥, 0)}

− 𝑝1(𝑠)𝑝2(𝜅)𝜓(0, 0).   ∎ 

Corollary 6.1. Let  𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 (𝑠, 𝜅) , then 

𝑇2𝑔
𝑐 {∫ ∫ 𝜓(𝜈, 𝜐)

𝛶

0

𝑥

0

𝑑𝜈𝑑𝜐} =
−1

𝜙1(𝑠)𝜙2(𝜅)
𝐹2𝑔

𝑐 (𝑠, 𝜅), 

Where 𝜙1(𝑠), 𝜙2(𝜅) ≠ 0,   ∀𝑠, 𝜅 ∈ 𝑅+. 

 then 

Proof: 

Consider  𝑇2𝑔
𝑐 {𝛺(𝑥, 𝛶)} to be the SEJI double integral transform of the function ℎ(𝑥, 𝛶) as identified by 

𝛺(𝑥, 𝑦) = ∫ ∫ 𝜓(𝜈, 𝜐)
𝛶

0

𝑥

0

𝑑𝜈𝑑𝜐. 

Clearly, we have ℎ𝑥𝛶(𝑥, 𝛶) = 𝑓(𝑥, 𝛶) and 𝛺(0, 0) = 0. Therefore, 

𝑇2𝑔
𝑐 {𝛺𝑥𝛶(𝑥, 𝛶)} = 𝑇2𝑔

𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔
𝑐 (𝑠, 𝜅). 

By the theorem (3) , we obtain 
𝐹2𝑔

𝑐 (𝑠, 𝜅) = −𝜙1(𝑠)𝜙2(𝜅)𝑇2𝑔
𝑐 {𝛺(𝜒, 𝛶)} − 𝑖𝜙2(𝜅)𝑝1(𝑠)𝑇𝑔

𝑐{𝛺(0, 𝛶)} − 𝑖𝜙1(𝑠) 𝑝2(𝜅)𝑇𝑔
𝑐{𝛺(𝑥, 0)} − 𝑝1(𝑠) 𝑝2(𝜅)𝛺(0,0). 

Thus,  

𝑇2𝑔
𝑐 {𝛺(𝑥, 𝛶)} =

−1

𝜙1(𝑠)𝜙2(𝜅)
𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑖
𝑝1(𝑠)

𝜙1(𝑠)
𝑇𝑔

𝑐{𝛺(0, 𝛶)} −
𝑖 𝑝2(𝜅)

𝜙2(𝜅)
𝑇𝑔

𝑐{𝛺(𝑥, 0)}. 

We have𝑇𝑔
𝑐{𝛺(𝑥, 0)} = 𝑇𝑔

𝑐{𝛺(0, 𝛶)} = 0.  Then  

𝑇2𝑔
𝑐 {𝛺(𝑥, 𝛶)} =

−1

𝜙1(𝑠)𝜙2(𝜅)
𝐹2𝑔

𝑐 (𝑠, 𝜅).    ∎ 

Theorem 6.4. Let  𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 (𝑠, 𝜅) , then 

𝑇2𝑔
𝑐 {𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)𝐻(𝑥 − 𝜚, 𝛶 − 𝜎)} = 𝑒−𝑖(𝜙1(𝑠)𝜚+𝜙2(𝜅)𝜎)𝐹2𝑔

𝑐 (𝑠, 𝜅),   

where 𝐻(𝑥, 𝛶) is the Heaviside unit step function defined by 
𝐻(𝑥 − 𝜚, 𝛶 − 𝜎) = {1,     𝑥 > 𝜚, 𝛶 > 𝜎  0         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. 

Proof:  
𝑇2𝑔

𝑐 {𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)𝐻(𝑥 − 𝜚, 𝛶 − 𝜎)}

= 𝑝1(𝑠)𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

[𝜓(𝑥 − 𝜚, 𝑦 − 𝜎)𝐻(𝑥 − 𝜚, 𝛶 − 𝜎)]𝑑𝑥𝑑𝛶,  

= 𝑝1(𝑠)𝑝2(𝜅) ∫ ∫ 𝑒−𝑖(𝜙1(𝑠)𝑥+𝜙2(𝜅)𝛶)
∞

0

∞

0

𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)𝑑𝑥𝑑𝛶,  

Put 𝑤 = 𝑥 − 𝜚, 𝑧 = 𝛶 − 𝜎, 
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= 𝑝1(𝑠)𝑝2(𝜅) ∫ ∫ 𝑒−𝑖𝜙1(𝑠)(𝑤+𝜚)−𝑖𝜙2(𝜅)(𝑧+𝜎)
∞

0

∞

0

𝜓(𝑤, 𝑧)𝑑𝑤𝑑𝑧,  

𝑇2𝑔
𝑐 {𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)𝐻(𝑥 − 𝜚, 𝛶 − 𝜎)} = 𝑒−𝑖(𝜙1(𝑠)𝜚+𝜙2(𝜅)𝜎)𝐹2𝑔

𝑐 (𝑠, 𝜅).            ∎ 

 

Theorem 6.5. Let 𝑇2𝑔
𝑐 {𝜓(𝑥, 𝛶)} = 𝐹2𝑔

𝑐 (𝑠, 𝜅) , then the double SEJI integral transform for the partial fractional Caputo 

derivatives [28] are:  

i.𝑇2𝑔
𝑐 {

𝜕𝛾1𝜓(𝑥,𝛾)

𝜕𝑥𝛾1
} = (𝑖𝜙1(𝑠))

𝛾1
𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝1(𝑠) [∑ (𝑖𝜙1(𝑠))
𝛾1−𝑘−1

𝑇𝑔
𝑐 {

𝜕𝑘𝜓(0,𝛶)

𝜕𝑥𝑘 }𝑚−1
𝑘=0 ],   

𝑚 − 1 < 𝛾 ≤ 𝑚,   𝑚 ∈ ℕ 

ii.𝑇2𝑔
𝑐 {

𝜕𝛾2𝜓(𝑥,𝛾)

𝜕𝛾𝛾2
} = (𝑖𝜙2(𝜅))

𝛾2
𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝2(𝜅) [∑ (𝑖𝜙2(𝜅))
𝛾2−𝑘−1

𝑇𝑔
𝑐 {

𝜕𝑘𝜓(𝑥,0)

𝜕𝛾𝑘 }𝑛−1
𝑘=0 ], 

1 < 𝛾 ≤ 𝑛, 𝑛 ∈ ℕ. 
This theorem has the same approach of theorem (6.1) but with fractional orders. 

7. Applications 

7.1. Volterra Integral Equation: 

The linear Volterra Integral Equation is thought to have  

  

          𝜓(𝜒, 𝛶) = 𝜁(𝑥, 𝛶) + 𝜆 ∫ ∫ 𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)
𝛶

0

𝑥

0

𝜌(𝜚, 𝜎)𝑑𝜚𝑑𝜎,                                                                                        (3) 

where 𝜓(𝑥, 𝛶) is the unknown function, 𝜆 ∈ 𝑅 and 𝜁(𝑥, 𝛶), 𝜌(𝑥, 𝛶) are two well-known functions. 

Using the double SEJI integral transform for eq. (3) and theorem (4.1) to get 

𝐹2𝑔
𝑐 (𝑠, 𝜅) = 𝑇2𝑔

𝑐 {𝜁(𝑥, 𝛶)} +
𝜆

𝑝1(𝑠)𝑝2(𝜅)
𝐹2𝑔

𝑐 (𝑠, 𝜅)𝑇2𝑔
𝑐 {𝜌(𝑥, 𝛶)} ,    

𝐹2𝑔
𝑐 (𝑠, 𝜅) [1 −

𝜆

𝑝1(𝑠)𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜌(𝑥, 𝛶)}] = 𝑇2𝑔
𝑐 {𝜁(𝑥, 𝛶)},     

                           𝐹2𝑔
𝑐 (𝑠, 𝜅) =

𝑇2𝑔
𝑐 {𝜁(𝑥, 𝑦)}

[1 −
𝜆

𝑝1(𝑠)𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜌(𝑥, 𝛶)}]
.                                                                                                      (4) 

By the inverse of this transform, the solution of eq. (3) is getting. 

𝜓(𝜒, 𝛶) = 𝑇2𝑔
𝑐 −1

{
𝑇2𝑔

𝑐 {𝜁(𝑥, 𝑦)}

[1 −
𝜆

𝑝1(𝑠)𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜌(𝑥, 𝛶)}]
}. 

We can see obviously by the following example 

Example 1 

To solve the following equation 

                   𝜓(𝑥, 𝛶) = 𝛿 − 𝜆 ∫ ∫ 𝜓(𝜚, 𝜎)
𝛶

0

𝑥

0

𝑑𝜚𝑑𝜎,                                                                                                                        (5) 

Where 𝛿, 𝜆 ∈ 𝑅. [15] 

Applying double SEJI integral transform of eq. (5) and by (4), we get 

𝐹2𝑔
𝑐 (𝑠, 𝜅) = 𝛿

(−𝑖)2𝑝1(𝑠)𝑝2(𝜅)

𝜙1(𝑠)𝜙2(𝜅)
−

𝜆

𝑝1(𝑠)𝑝2(𝜅)
∙

(−𝑖)2𝑝1(𝑠)𝑝2(𝜅)

𝜙1(𝑠)𝜙2(𝜅)
𝐹2𝑔

𝑐 (𝜗, 𝜅), 

⇒ 𝐹2𝑔
𝑐 (𝑠, 𝜅) =

𝛿
−𝑝1(𝑠)𝑝2(𝜅)
𝜙1(𝑠)𝜙2(𝜅)

1 −
𝜆

𝜙1(𝑠)𝜙2(𝜅)

=
−𝛿𝑝1(𝑠)𝑝2(𝜅)

𝜙1(𝑠)𝜙2(𝜅) − 𝜆
, 

By taking the inverse of this transform we obtained the solution of 𝜓(𝜒, 𝛶) in eq. (5) 

𝜓(𝜒, 𝛶) = 𝑇2𝑔
𝑐 −1

{
−𝛿𝑝1(𝑠)𝑝2(𝜅)

𝜙1(𝑠)𝜙2(𝜅) − 𝜆
}, 

= 𝛿𝑇2𝑔
𝑐 −1

{
−𝑝1(𝑠)𝑝2(𝜅)

𝜙1(𝑠)𝜙2(𝜅) − 𝜆
∙

4

4
} = 𝛿𝑇2𝑔

𝑐 −1
{

−4𝑝1(𝑠)𝑝2(𝜅)

4𝜙1(𝑠)𝜙2(𝜅) − 4𝜆
}, 
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𝜓(𝜒, 𝛶) = 𝛿𝐽0(2√𝜆𝑥𝛶). 

Example 2: 

For solving the equation 

                          𝑎2𝛶 = ∫ ∫ 𝜓(𝑥 − 𝜚, 𝑦 − 𝜎)Φ(𝜚, 𝜎) 𝑑𝜚 𝑑𝜎,

𝑦

0

𝑥

0

                                                                                                   (6) 

Where 𝑎 ∈ ℝ. 

Applying double SEJI integral transform of eq. (6) and by eq. (4), we get 

𝑎2𝑇2𝑔
𝑐 {𝛶} =

1

𝑝1(𝑠)𝑝2(𝜅)
∙ [𝐹2𝑔

𝑐 (𝑠, 𝜅)]
2

, 

 𝑎2
(−𝑖)3𝑝1(𝑠)𝑝2(𝜅)

𝜙1(𝑠)[𝜙2(𝜅)]2
=

1

𝑝1(𝑠)𝑝2(𝜅)
∙ [𝐹2𝑔

𝑐 (𝑠, 𝜅)]
2

,                      

         [𝐹2𝑔
𝑐 (𝑠, 𝜅)]

2

=
𝑎2(−𝑖)3[𝑝1(𝑠)𝑝2(𝜅)]2

𝜙1(𝑠)[𝜙2(𝜅)]2
,                      

      𝐹2𝑔
𝑐 (𝑠, 𝜅) =

𝑎(−𝑖)
3

2𝑝
1
(𝑠)𝑝

2
(𝜅)

[𝜙
1
(𝑠)]

1
2𝜙

2
(𝜅)

,                      

By taking the inverse of this transform we obtained the solution of 𝑓(𝑥, 𝑦) in eq. (6). 

𝜓(𝑥, 𝛶) = 𝑎𝑇2𝑔
𝑐 −1

{
(−𝑖)

3
2𝑝1(𝑠)𝑝2(𝜅)

[𝜙1(𝑠)]
1
2𝜙2(𝜅)

}, 

                      = 𝑎𝑇2𝑔
𝑐 −1

{
(−𝑖)

3
2𝑝1(𝑠)𝑝2(𝜅)

[𝜙1(𝑠)]
1
2𝜙2(𝜅)

∙
√𝜋

√𝜋
}, 

𝜓(𝜒, 𝛶) =
𝑎

√𝜋

1

√𝑥
.                                           

7.2. Volterra Integro- partial differential Equations: 

The linear Volterra Integro- partial differential equation is represented by, [15]: 

𝜕𝜓(𝑥, 𝛶)

𝜕𝜒
+

𝜕𝜓(𝑥, 𝛶)

𝜕𝛶
= 𝜁(𝜒, 𝛶) + 𝜆 ∫ ∫ 𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)

𝛶

0

𝑥

0

𝜌(𝜚, 𝜎)𝑑𝜚𝑑𝜎,                                                                                (7) 

with the conditions: 
𝜓(𝑥, 0) = 𝜓0(𝑥), 𝜓(0, 𝛶) = ℎ0(𝛶). 

 

where 𝜓(𝜒, 𝛶) is the unknown function, 𝜆 ∈ 𝑅 and 𝜁(𝑥, 𝛶), 𝜌(𝑥, 𝛶) are two known functions.  

By effecting the double SEJI integral transform for eq. (7) and using the single SEJI transform for the 

conditions, we get 

𝑖𝜙1(𝑠)𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝1(𝑠)𝑇𝑔
𝑐{ℎ0(𝛶)} + 𝑖𝜙2(𝜅)𝐹2𝑔

𝑐 (𝑠, 𝜅) − 𝑝2(𝜅)𝑇𝑔
𝑐{𝜓0(𝑥)}

= 𝑇2𝑔
𝑐 {𝜁(𝑥, 𝛶)} +

𝜆

𝑝1(𝑠)𝑝2(𝜅)
𝐹2𝑔

𝑐 (𝑠, 𝜅)𝑇2𝑔
𝑐 {𝜌(𝑥, 𝛶)} ,    

 

           𝐹2𝑔
𝑐 (𝑠, 𝜅) =

𝑇2𝑔
𝑐 {𝜁(𝑥, 𝛶)} + 𝑝1(𝑠)𝑇𝑔

𝑐{ℎ0(𝛶)} + 𝑝2(𝜅)𝑇𝑔
𝑐{𝜓0(𝑥)}

[𝑖𝜙1(𝑠) + 𝑖𝜙2(𝜅) −
𝜆

𝑝1(𝑠)𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜌(𝑥, 𝛶)}]
.                                                                                    (8) 

Then the solution of eq. (7) 
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𝜓(𝑥, 𝛶) = 𝑇2𝑔
𝑐 −1

{
𝑇2𝑔

𝑐 {𝜁(𝑥, 𝛶)} + 𝑝1(𝑠)𝑇𝑔
𝑐{ℎ0(𝛶)} + 𝑝2(𝜅)𝑇𝑔

𝑐{𝜓0(𝑥)}

[𝑖𝜙1(𝑠) + 𝑖𝜙2(𝜅) −
𝜆

𝑝1(𝑠)𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜌(𝑥, 𝛶)}]
}. 

We can see obviously by the following example 

Example3: 

To solve the following equation 

𝜕𝜓(𝑥, 𝛶)

𝜕𝑥
+

𝜕𝜓(𝑥, 𝛶)

𝜕𝛶
= −1 + 𝑒𝑥 + 𝑒𝛶 + 𝑒𝑥+𝛶 + ∫ ∫ 𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)

𝛶

0

𝑥

0

𝑑𝜚𝑑𝜎,                                                                     (9) 

with the conditions: 

𝜓(𝑥, 0) = 𝜓0(𝑥) = 𝑒𝑥, 𝜓(0, 𝛶) = ℎ0(𝑦) = 𝑒𝛶. 

where  𝜆 = 1, 𝜌(𝜚, 𝜎) = 1. [15] 

Applying double SEJI integral transform of eq. (9) and using the single SEJI transform for the conditions, 

we get 

𝐹2𝑔
𝑐 (𝑠, 𝜅) =

𝑝1(𝑠)𝑝2(𝜅)[𝑖 + 2𝑖𝜙1(𝑠)𝜙2(𝜅)]
(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)𝑖𝜙1(𝑠)𝜙2(𝜅)

−
𝑝1(𝑠)𝑝2(𝜅)[1 + 𝜙2(𝜅)]

1 + [𝜙2(𝜅)]2 −
𝑝1(𝑠)𝑝2(𝜅)[1 + 𝜙1(𝑠)]

1 + [𝜙1(𝑠)]2

𝑖𝜙1(𝑠) + 𝑖𝜙2(𝜅) −
1

𝑝1(𝑠)𝑝2(𝜅)
∙

−𝑝1(𝑠)𝑝2(𝜅)
𝜙1(𝑠)𝜙2(𝜅)

, 

𝐹2𝑔
𝑐 (𝑠, 𝑟) =

𝑝1(𝑠)𝑝2(𝜅)

(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)
, 

By taking the inverse of this transform we obtained the solution of 𝜓(𝑥, 𝛶) in eq. (9) 

𝜓(𝑥, 𝛶) = 𝑇2𝑔
𝑐 −1

{
𝑝1(𝑠)𝑝2(𝜅)

(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)
} = 𝑒𝑥+𝛶. 

7.2. Partial Integro- differential Equations: 

The form of the linear partial Integro-differential equation is as follows:  

𝜕2𝜓(𝑥, 𝛶)

𝜕𝛶2
−

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
+ 𝜓(𝑥, 𝛶) + ∫ ∫ 𝜓(𝑥 − 𝜚, 𝛶 − 𝜎)

𝛶

0

𝑥

0

𝜌(𝜚, 𝜎)𝑑𝜚𝑑𝜎 = 𝜁(𝑥, 𝛶),      (10) 

with the conditions: 

𝜓(𝑥, 0) = 𝜓0(𝑥),
𝜕𝜓(𝑥, 0)

𝜕𝛶
= 𝜓1(𝑥),   𝜓(0, 𝛶) = ℎ0(𝛶),

𝜕𝜓(0, 𝛶)

𝜕𝑥
= ℎ1(𝑥). [15] 

[𝑖𝜙2(𝜅)]2𝐹2𝑔
𝑐 (𝑠, 𝜅) − 𝑖𝜙2(𝜅)𝑝2(𝜅)𝑇𝑔

𝑐{𝜓0(𝑥)} − 𝑝2(𝜅)𝑇𝑔
𝑐 {

𝜕𝜓(𝑥, 0)

𝜕𝛶
} − [𝑖𝜙1(𝑠)]2𝐹2𝑔

𝑐 (𝑠, 𝜅) + 𝑖𝜙1(𝑠)𝑝1(𝑠)𝑇𝑔
𝑐{ℎ0(𝛶)}

+ 𝑝1(𝑠)𝑇𝑔
𝑐 {

𝜕𝜓(0, 𝛶)

𝜕𝑥
} + 𝐹2𝑔

𝑐 (𝑠, 𝜅) +
1

𝑝1(𝑠)𝑝2(𝜅)
𝐹2𝑔

𝑐 (𝜗, 𝜅)𝑇2𝑔
𝑐 {𝜌(𝑥, 𝛶)} = 𝑇2𝑔

𝑐 {𝜁(𝑥, 𝛶)} ,     

𝐹2𝑔
𝑐 (𝑠, 𝜅) 

=
𝑇2𝑔

𝑐 {𝜁(𝑥, 𝛶)} + 𝑖𝜙2(𝜅)𝑝2(𝜅)𝑇𝑔
𝑐{𝜓0(𝑥)} + 𝑝2(𝜅)𝑇𝑔

𝑐 {
𝜕𝜓(𝑥, 0)

𝜕𝛶
} − 𝑖𝜙1(𝑠)𝑝1(𝑠)𝑇𝑔

𝑐{ℎ0(𝛶)} − 𝑝1(𝑠)𝑇𝑔
𝑐 {

𝜕𝜓(0, 𝛶)
𝜕𝑥

}

[𝑖𝜙2(𝜅)]2 − [𝑖𝜙1(𝑠)]2 + 1 +
1

𝑝1(𝑠)𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜌(𝑥, 𝛶)}
. (11) 

To solve eq. (10), the inverse of the double SEJI integral transform is applied. 

 

𝜓(𝑥, 𝛶)

= 𝑇2𝑔
𝑐 −1

{
𝑇2𝑔

𝑐 {𝜁(𝑥, 𝛶)} + 𝑖𝜙2(𝜅)𝑝2(𝜅)𝑇𝑔
𝑐{𝜓0(𝑥)} + 𝑝2(𝜅)𝑇𝑔

𝑐 {
𝜕𝜓(𝑥, 0)

𝜕𝛶
} − 𝑖𝜙1(𝑠)𝑝1(𝑠)𝑇𝑔

𝑐{ℎ0(𝛶)} − 𝑝1(𝑠)𝑇𝑔
𝑐 {

𝜕𝜓(0, 𝛶)
𝜕𝜒

}

[𝑖𝜙2(𝜅)]2 − [𝑖𝜙1(𝑠)]2 + 1 +
1

𝑝1(𝑠)𝑝2(𝜅)
𝑇2𝑔

𝑐 {𝜌(𝑥, 𝛶)}
}. 

We can see obviously by the following example 

Example4: 

To solve the following equation 

𝜕2𝜓(𝑥, 𝛶)

𝜕𝛶2
−

𝜕2𝜓(𝑥, 𝛶)

𝜕𝑥2
+ 𝜓(𝑥, 𝛶) + ∫ ∫ 𝑒𝑥−𝜚+ 𝛶−𝜎

𝛶

0

𝑥

0

𝜌(𝜚, 𝜎)𝑑𝜚𝑑𝜎 = 𝑒𝑥+𝛶 + 𝑥𝛶𝑒𝑥+𝛶                                                    (12) 
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with the conditions: 

𝜓(𝑥, 0) = 𝜓0(𝑥) = 𝑒𝑥,
𝜕𝜓(𝑥, 0)

𝜕𝛶
= 𝜓1(𝑥) = 𝑒𝑥,   𝜓(0, 𝛶) = ℎ0(𝛶) = 𝑒𝛶,

𝜕𝜓(0, 𝛶)

𝜕𝑥
= ℎ1(𝛶) = 𝑒𝛶. [15] 

Applying double SEJI integral transform of eq. (12) and using the single SEJI transform for the conditions and 

simplification, we get 

𝐹2𝑔
𝑐 (𝑠, 𝜅) =

𝑝1(𝑠)𝑝2(𝜅)[(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)([𝑖𝜙2(𝜅)]2 − [𝜙1(𝑠)]2 + 1) + 1]
(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)

(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)([𝑖𝜙2(𝜅)]2 − [𝑖𝜙1(𝑠)]2 + 1) + 1
, 

𝐹2𝑔
𝑐 (𝑠, 𝜅) =

𝑝1(𝑠)𝑝2(𝜅)

(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)
, 

By taking the inverse of this transform we obtained the solution of 𝜓(𝑥, 𝑦) in eq. (12). 

𝜓(𝑥, 𝑦) = 𝑇2𝑔
𝑐 −1

{
𝑝1(𝑠)𝑝2(𝜅)

(𝑖𝜙1(𝑠) − 1)(𝑖𝜙2(𝜅) − 1)
} = 𝑒𝑥+𝛶. 

Conclusion 

In this paper, the double SEJI integral transform is depended for solving some types of integral differential 

equations. We can introduce important theorems and main properties for this new transform. The solved 

applications in this work show that the suggested transform is almost perfect in solving integral differential 

equations. In future, we can use this transform and solve kinds of fractional integral equations. 
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