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Abstract

The aim of this paper is to establish an efficient of a new transform called double SE]I integral transform
to solve integral differential equations. Some important properties are proved by this suggested transform
with theorem for the partial fractional Caputo derivatives. Finally, we use them to solve applications of some
kinds of integral equations by transforming them to algebraic equations and solve by using the giving
properties.
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Volterra Integro- partial differential Equations, Partial Integro- differential Equations.
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1. Introduction

Integral transforms are extremely effective to solve lots of advanced science engineering problems. Many
studies have used various integral transforms (Laplace, Sumudu, SEE, SEE complex, Emad- Falih transform,
Emad- Sara, etc.) and solved differential and integral equations and their applications. [1, 2, 3,4, 5, 6, 7].

Some mathematicians are developed transforms to double integral transforms in two dimensional spaces
to solve partial differential and integral differential equations such as double Laplace, double Sumudu, double
Aboodh, double Kamal, double Mahgoub Transforms, etc. [8, 9, 10, 11, 12], As well as, some of mathematicians
applied double transforms for solving fractional partial differential equations [13, 14, 15, 16].

Several of transforms are combined them with exclusive mathematical methods like differential transform
approach, homotopy perturbation technique, Adomian decomposition method, and variational iteration
method [17, 18, 19, 20, 21, 22, 23, 24, 25, 26].

In this work, we demonstrate the solution of kinds of integral differential equations by applying double
SEJI integral transform.
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2. Basic Definition!2”

The SE]I integral transform is a new integral transform similar to the Laplace transform and other integral
transforms that are defined in the time domain t > 0, such as the Sumudu transform, Elzaki transform, integral
transform and SEE complex transform.

SE]I integral transform is defined for functions of exponential order. We consider functions in the set C
defined by:
C = (Y (x): IM, L, and L, are greater than zero such that |p(x)| < Me L™ if x € (1)) x [0,00),j = 1,2,i =
V=13
For a given function in the set C, the constant M must be finite number and L,, L, may be finite or infinite. Then, SE]I
integral transform denoted by T4 {y(x)} is defined by the integral equation: (1)

e} = FEGs) = p(s) f 9% P(x)dx,
x=0

Where x > 0,p(s) andp(s) are positive real functions, i complex number. [25]

3. The Double SE]JI Integral Transform

Definition 3.1: Let Y(x,Y) be an integrable function defined for the variables x and Y in the first quadrant,
p1(8),p2(x) # 0and ¢,(s), p,(x) are positive real functions; we define the SEJI double integral transform
ng{zp (x,Y)} by the formula
TG ) = B4 =pu@) pae) [ [ e @My vydrar. (2)
o Jo
Provided that the integral exists for some ¢4 (s), ¢, (k).
The following formula is the inverse of the Double SEJI integral transform:

1 y+ico ) 1 wtico _
T, R (5,0 =9, Y) = — —_eitildxg _f —— 20V EC (s5,k)dK ),
2g { zg(s K)} P(x,Y) 2mi) ., pl(s)e s 27l pZ(K)e 2g(s K)dk

Where y and w are real constants.

4. Properties of Double SE]JI integral transform
4.1. Linearity Property

Let TZZ{w(x, N}= Fzzl(s, k) and TZZ{Q x,N}= Fzzl(s, k) then for every v and vare arbitrary constants, then:
ng{w/)(x, Y)+u2(x,Y)} = szzl(s, K) + szzz(s, K).

Proof:

T (O G 1) £ 00061} = (5 o) | i | e ORI p (, V) £ 00, V)] dad,
= p,(5) P, (1) ( f - f ¥ i1 X420y (. V) dxdY + f B f ¥ e O 620y 0 (4, ¥ dxdY )
0 0 0 0
= p1(s) p2(x) <V J‘w fwe_i(¢1(s)x+¢2('€)y) Y(x,Y)dxdYy
0 0
£op () o) [ [ ey dxdr),
0 0
— vpy(5) P2 ( [ [ ertomemeanoom gy Y)dxdr)
0 0

+0py(5) o () ( [ [ ertmememomag, Y)dxdr>,
0 0
ng{vz,b(x, V) +v(x,YV)} = VFZZI(S, K) + UFZZZ(S, K). [
4.2 Shifting Property:
If Tog (¥ (x, )} = F (s, k) then

ng{e'(v’“*”y)lﬁ(x. N} = Fyg [(i1(s) +v), (i, () +v)].
Where v,v € R.
Proof:

TS G} = 50,0 = pi(s) pa() [ [ om0 e, vdaar
0 0
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Then the double SEJI integral transform of e~ XYy (x,Y) is:
Tag (e PG ) = pr@ pal) | [ e BNy v,

= p,(5) 2, () f f e~ EB1 X020+ ] (V) dxdlY,
0 0

To{e Iy 1)} = F{J[(iqsl(s) +v),(id,() +v)]. =

4.3 Change of Scale Property:
If TZZ{zp(x, )} = FZ; (s, k)then
$1(s) ¢2 ()

v v

Tzz{f(vx,vl’)} = Fzg[ ]

Where v,v € R.
Proof:

TN} = i) p,00) [ e @020 o, orydxar,
0 0

Substituting vx = p and v¥ = @ in the previous equation,
Hence,asx » 0,y > 0and Y —» 0,@w — 0, also
x—)oo,ﬂ—)ooandY'—)oo,w—)oo,

vdx = du and vdY = dw, then dx = d—“ and dY = d—w

dud
T, (vx, 01} = 1y (5) Py () f j (#1020 g, ) 22,

—1 ¢1(S) ¢2(K)
— e (p@po [ [T )w(u,w)dudw>

$1(s) ¢2 (K)]

v v

then

Tz {Wlvx, )} = _Fzg[

4.4 Double Convolution Theorem:

Suppose that ¥(x,Y), 2(x,Y) are continuous functions with two variables, then the double convolution of
Y(x,Y), 2(x,Y)is written as:

Y ,x
YY) = Q(x,Y) = J j Yx —1,Y — ) 2(x,Y)drdu.
o Jo

Where (%) denotes the double convolution for x, Y.
Theorem (4.1): Let Fzgl(s, K), FZ;Z(S' k) be SEJI double integral transform of the functions (x,Y),

0(x,Y) respectively, 0,(9)0,(k) # 0,V9,k > 0, then

TZ;{lp(x! Y) *k .Q(x, Y)} = Fzzl(s: r)FZSZ(S! T)'

1
0,(9)6;(x)
Proof: we have

LT v+ 06D =) put) [ entsorsenion ([ [ ve-nr-wac e ) axar,
Substituting v = x — 7,u = ¥ — p and letting x, Y to oo, we get
LSO e 2 =P [ [ < [ [ vomac u)drdu) L2 H) gy,
o Jo

-T v—-T

= ,(5) f f 1/)(V,U)<p2(lc) f J e~ i1+ 6200) (7, M)dfdﬂ) o= i@1IV+62000) gy,
0 0 -TJ-7
:f f P, v) (P1(S) pZ(K)J f e—i(¢1(5)r+¢z(tc)u)_Q(T’H)d.[dﬂ>e—i(¢1(S)V+¢z(K)v)dvdv’
0 0 0 0

Because both functions ¥ (x,Y) and 2(x,Y) have zero negative values. Therefore, it yields that

Tog (e, Y) +x Q(x, 1)} = T, {2(x, V)} f f Y(v,v) e O1VEE0M) gy gy,
0 0

T, W0x, )+ 0(x, 1)) = TS W, DI, 1),

_
p1(s) p2 (k)
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Tog (V) *x 2(x,Y)} = Fag (8, 10Fzg (s,10). -

p1(s) p2 (1)

5. The Double SE]JI Integral Transform for some Fundamental Functions
In this section, we shall derive some elementary functions by using Double SEJI integral transform.

Formula 5.1.
Y(x,Y)=1,x,Y >0,

Mo = () pa(0) [ [ e @0 axar,
0 0

= p;(s) p(x) f e i¢20AY < f e ib1()x gy ) ay,
0 0

= p1(s) pz(K)fme‘i%(K)Y (%e—iq&l(s)x °(‘)°> av,
R -1 or [
T ihu(s) i) (e7t*r[g),

T2t} =4 s 0

Formula 5.2.
Y(x,Y) = eV**Y v, v ER,

ng{evxﬂ)lf} =p (S) D, (K) f J e—i(¢1(s)x+¢2(K)Y)evx+vY dde,
0 0

=p; (S) D2 (K) f e—(id)z(K)—v)Y (f e—(i¢1(s)—v)x dx> dy’
0 0

C g vty iy —v)r -1 (i1 ()-v)x |0
ng{e }=p:1(5) pz(K)fo e~ (19200-V) (me O)d}’,
019020 [ i, oy [0
=T v & o)
_ p1(s) p2 (k)
(ip1(s) = V) (i, (k) —v) 5 a0
C (VXYY — P1(S) P2\ K . .
B S G RO + e O 9:09)

Formula 5.3.
1,[}(x, y) — ei(vx+uY)’.V’U ER,

Toe{e' ™} = py (s) p, (i) fo fo e i(@1(x+d2007) Hix+VY) g gy,

=pq (S) P2 (K') f e—i(¢2(K)—U)Y <f e—i(¢1(s)_v)x dx) dY,
0 0

—p1(5) p2 (k)
(@1(5) =) (P2 (k) —v)

ng{ei(vxﬂ)lf)} —

Formula 5.4.
Y(x,Y) =sin (vx +vY),v,v ER,

Tzz{sin (vx +vY) } = p;1(s) po (k) J f e~ {@1()x+$2(0) gin (vx 4 vY) dxdy,
o Jo

e i(vx+vYy) _ e —i(vx+vY)

= p1(s) p2 () f f e-i<¢1(5>x+¢z<">”[ > dxdY,
0 0

= —p1(5) () (J J, e 71242000 g L0xW) gy
[ [ T 1@1(©x+92001) g=ilvxsvD) guqy ),

= %pl (s) p2 (K)(fooo fooo e~ (@1()-V)x 5 =i(@2(0-V)Y Yy —
f0°° fo‘” e~ HP1()+V)x 5 —i(P2()+V)Y J,dy )'
Cfos _ l —p1(s) p2(x) p1(5) p2 (k)
Taglsin vx +0Y1) ) = S S =) 00 =) @)+ 160+
Cpos _ =ip1(s) p2 () [ (s) + vep, (k)]
Tzgtsin X + V1) = 40 OF —v2) (s (OT — v2)
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Formula 5.5.
Y(x,Y) =cos (vx +vY),v,v ER,

Tygfcos (vx +vY) } = pi(s) p, (1) f J- e"HP1(x+$209) o5 (vx + 1Y) dxdy,
00 ei(vx+v}’) + e—i(vx+v}’)

= p,(5) p, (1) f f o-i(@1(x+2GIT)
0 0 2

1 =<} o) ] .
= E @1 (19)@2 (K) <f J- e_l(¢1(5)x+¢2(l€)y) el(‘vx+'u}’)dxdy-
0 0

+f f e—i(¢1(s)x+4)2(K)Y) e—i(vx+vY)dxdy- ))

0 0
;pl(S) p2 (1) ( f f e~ i(@1()-V)x o =i(P2(0-VIY gy dy + f f o= i(@1()+V)x o= ib2(V+VIY oy >
0 0 0

p1(s) p2(x) ]

_ l[ —p1(5) P2 (k) _
2[(91(s) =v)(d2(1) —v)  ($1(5) + V) (¢2(x) +v)
—p1(5) P2 (1) [B1 () 2 (1) + vu]

Taglcos XV = g (7 =219, 00T — D)

] dxdyY,

Formula 5.6.
Y(x,Y) =sinh (vx +vY),v,v €ER,

Ty {sinh (vx +v¥)} = py(s) p, () f f e~ {@1()x+$2(0) ginp (vx + vY) dxdY,
0 0

w0 oo (vx+vY) _,—(vx+vY)
= py(5) po(10) [ [ e G102 0m) [;] dxdy,

=) ) U J =i @1(©)x+92(07) Hx+0D) gy gy — j f e—i<¢1(5>x+¢2(’f)y>e—(Vx+vY)dxd}f),
0 0

2
_ %pl (s) p, (1) < J " f ¥~ (615) )% =620 gy — f ” j ¥ @1 )x =62V gy )
0 0 0
1 [ —p1(s) p2 (k) _ p1(s) p, (k) ]
(ip1(s) + V) (i (1) + V)|

2 (i1 (s) — 1) (i, (1) — v) ) F0ga 4 ol
Cpos _ =ipi(s) p2 () [v1 (s) + v, (K
Tagtsinh (X + V)3 = 08 O +v2) (s (T + v

Formula 5.7.
Y(x,Y) =cosh (vy +vY),v,v ER,

ng{cosh (vx +vY) } = pi(s) p, (k) J J e ~HP1x+$209Y) cosh (vx + vY) dxdY,
0 0 (vx+vY) + e—(vx+vY)

=p; (S) D2 (K)f f e_i(¢1(s)x+¢2(’€)y) [
0 0 2
1p1(s) 2, () < f f =i 1(Sx+$2 ) o (VX HVY) gy + f f i (B1(S)x+d2(0T) e—(vx+ur>dxdy>
2 0 0 '

0 0
p1(s) p2(x) (foo fooo e~ 101(8)-V)x o= (ip2()-V)Y dr gy + J‘O‘x’ J‘O‘x’ e~ (91 +V)x o =(ip2()+V)Y fy gy )
_ }[ —p1(s) pa (k) N p1(s) pa (k)
2|(ig1(s) = v)(ia(k) —v) ~ (i1 (s) + V) (i (k) +v)

c _"h (5) p2 (1) [P1 () (1) + vu]
Tzgtcosh (vx + V1) } = 0 ST v ([, GOT + 02)"

] dxdy,

Formula 5.8.

YY) = (V)"0 >0
Ty {0} = pa(5) p2 (i) f f e {14020 (x¥)Tdxdy,

= p1(s) p2(x) f ( J eid1(9)x x"dx) e~ i$200Yyn gy

rm+ 1]
= p1(s) p2 (k) f [% e~ 120y gy
(=0T D[ (n + DIPps(s) p2(K)

Tog (1)) = RO

Formula 5.9.
Y(x,Y) = x*Y7, w,n>0
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T, GHY) = iy (5) pa(0) f f o~ i1 (x93 00) Y1y N Gy
0 0

= n6) P20 ( [Ceoon x”dx) o620y gy
0 0

(=DM (=)™ (u+ DI + Dpa(s) p2(x)
(1 ()]#* 1 [, (1) ]7*2 '

Formula 5.10.
Y&, Y) = Jo(cVaY).

TzZ{]o (C\/W)} =p,(s) p, (KZ)J- f e~ iP1(x+2(0T) | (C\/W)dxdlf,
0o Jo
= pZ(K)f <p1(s)f e—i¢1(5)x]0(cm)dx)e—iqbz(x)lfdy,

= p2(K) f < Pi(5) a5, (s)> ~id2 (Y gy

_ SO P00 (7 i)
T G fo(e e i
_ =ipa(8) p2 () 1

PO 0200 - )
ng{jo(cx/ﬁ)} =

0-1,

—4p1(s) p2 (k)
41(s)p, (1) — c*

Formula 5.11.
Y(x,Y) = 2x)AX).

TG ) = pu) pa0) [ [ e @O0y vyaxar,
0 0

= [pl(s) ] me-l“”l@m(x)dx] [pz(x) j we—wz(")YA(Y)dY ,
0 0
To6 (%, 1)} = T{2 ()T {A(N}. n

6. The Double SE]JI Integral Transform of Partial Differential Derivatives

Here, some results related to double SE]JI integral transform partial derivatives are proposed. The partial

derivatives for x will be as follows:
Theorem 6.1. Let Tzc{lp(x )} = FZ; (s, k), then

T8 {2220} = ipy ()RS (5, 1) = pa ()T (0, 1)}
i Tyl {ZEEY = (i, ()P (s, 00) — ihy (S)py ()T (0, 1)} — pa ()T {22 (0,10}

Proof: i.

aP(x, Y DL OPY .
Tz;{ lp((;; )}=P1(S)P2(K) fo ( fo e‘“Pl(S)"—lp((;; )dx)e‘“”z(")ydlf,

Integrate above by parts, we get:
0P (x,Y) oo ( _j o0 9P (x,Y) o . —i o0 9P (x,Y) —i
Tzz { Lde } = p1(s) p2(x) fo (e 1 (s)x fo wa—zdx - fo (—l(,‘bl(s)e ip1(s)x fo wa—zdx) dx) e~ iP2(Y gy,

ox

= pi(s) pZ(K)f ( Y(0,Y) + l¢1(s)J- ~i1()x Y)d)(> ~ip2 ()Y gy

= —p1(s) p2 (1) f —(0,1) e~ 209 dY + igpy (s)py (s) p2 () f j e {02090y (x, V) dxdY,
0 0 0

. [OY(x,Y)
T {

o }=i¢1(s>FZ;(ﬁ,x)—al(ﬁ)T;{w(o,m. .
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ii. 7,0 {72 = g (5) py () [ (i1 ZUED g ) i gy,

ox2

Integrate above by parts, we get:

a2 —i o dP(x, 0 , i o 32 (y, _i
Tog (T2} = i) pa(i0) [y (67192 [ 22D de — [° (—igpy (e 410 [ 2L LD dx) dx) e=9297

Let u = e %1% = dy = —jgp, (s)e 191¥ gy,
_0%P(x,Y)
T 9x?

© 133
_ f Y (x,Y) i
0

d
Y =>v Fpe

Then:

*PlxY - . @ (0% (x, Y
T2 {%} = pa) | e ay [plcs) (e-wm | ( ver )) dx
[oe] . [o's} az ’
rigns) [ e ([T2ED ) ar)|
= p;(s) p2(x) fwe_id’z('c)y (—61[1(0, L2 + i (s) J.me_wl(s)x&?ndx> ay,

o 2
= n©p00 [ e or TECD ar s i, [ emtsermsenion (228D g,
0

9? Y ayY(0,Y d Y
2g d{;(sz)} = _p1(5)TgC {%)} + l¢1(5)ng{ Il}((;; )}
By substituting T,¢ { c )} we get:
e (PPEDT . 01 0,0 — O T (0.1 @1 {20 r). -
2g 9x2 = 1191 24\, 1(8)P1 g ) D1 9 ox .

In general,
n-1
AACAD) i Mpc : n—k-1 LY
Tog { axn = (i$1(5)) Fog(5,) = pa () ;(wl(s)) R CARH
We can prove the above formula By Mathematical Induction,

for n = 1, we proved it later.
Suppose that true for n = m that means:

" r m < m—k—1 a*
Tag { P(x, )} (i1(5)) " Fag(s,6) = pa(s) [z (igs ()™ " TS {a—;f (0, y)} ,
k=0

ax™

We want to prove thatn =m + 1

(G (9 (99D (29 (0"
e} = (e ) = oo {5 | moons o)
S ) Sy Y)}) p@1s {2 Lo}
k=0
¥ o™ }

= (i92()" Fxg (5,00 pl(s>Z(z¢1(s))’” o {a c O, r)} PO 5o 01

= (i¢1(5)) ((l¢1(s)) Fzg(S, k) —p1(s)

= (i¢:())" " o5 (5,0) = pu(s) [Z(zms))’” R {—"’(o n}wc{_‘” o0}

= (ld)l(s)) Fzg(s k) — py(s) [Z(l¢1(s))m . T {_l/) (o, Y)}
_ am+1l/)(x Y)
= ng {W}

So the theorem is trueforn € N. m

Theorem 6.2. Let ng{lp (x, )} = FZZ (s,1), then
T8 {2220} = i, () S (s, 1) — po ()T {1 (x, 0)):

ay

i T (T = ig, (012, (s, ) — by () P2 GOTS e, 00} — po (T {22 (6, 0)):
i 758 (T2 = (i,(0) Bt (50) — p2(0) [Shza(ih ()" 1 (2L (00
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This theorem has the same approach of proof but with respect to y.
Theorem 6.3. The double SE]I integral transform of the partial derivative for x,Y is constructed by:

1,6 (2L = 2, (5) py (k) (5, ) — i Iy ()TE (0, 1)} — ighy ()P (T B (x, 00} —

0xdy

p1(s)p2 (] Y(0,0).

Proof: we have

2*Pp(x,Y) (7 *P(x, 1)
T,6 {———=t = —ip1 x40 T 7 gu gy,
2g { } P1(s) pz(K)J; fo e ooy ¥

0xdY
*P(x.Y) ° © 2P (x,Y)
LJP i G —ig1(s)x —ip2 ()Y
ng{ 0xoY } pl(S)fO e (PZ(K)J; e "z 9x2 dx)dY.
Integrate above by parts with respect to y, we get:
pe ()
29 oxdy |
0 d Y
—p1(s) P2 (1) f i ngx )dx + i (K)p1 (s) P2 (%) f j w(x ) e~ i@ +b2(0) gy,
0
0Yp(x,0)) 0P (x, Y)
= —p()Ty {T} +i¢,(0) T, { x|

= — (O [ips (NTEW(x, 00} — Py ()P(0, 0)] + ip() [ihs (ITy o (, 1)} = pu ()T (0, 1)},

[P _ c , c . c
Tz, {W} = 1°p1(8) P2 () Fo, (9, K) — i, (1)p1 ($) T { (0, 1)} — ip1(s) p2 (1) Ty {p(x, 0)}

—p1()p2()Y(0,0). m
Corollary 6.1. Let ng{tp(x, )} = cm (s, k) , then

ng {f J Y(v,v) dvdv} szg(s, K),
Where ¢,(s), P, (k) # 0, Vs, k € RT.

then
Proof:
Consider Tz;{ﬂ (x,Y)} to be the SE]JI double integral transform of the function h(x,Y) as identified by

2(x,y) = fxf Y(v,v) dvdu.
0o Jo
Clearly, we have h,y(x,Y) = f(x,Y) and 2(0,0) = 0. Therefore,
TZ;{QXY(-XI Y)} = TzZ{l[}(X, Y)} = FZ;(SI K)'
By the theorem (3) , we obtain
Fog(5,10) = =1 ()2 ()T, {2 (0, Y} — i () p1 ()T {020, Y)} — ih1 (5) p2 (1) Ty {£2(x, 0)} — 1 () p2 (1)£2(0,0).
Thus,

c _ —_1 _ G ) _ ( )
We haveT;{Q2(x,0)} = T7{2(0,Y)} = 0. Then
c __ 1 g
ng{ﬂ(x, Y)} - ¢1(S)¢2(K) Fzg(s, K). | |

Theorem 6.4. Let ng{lp(x, }= FZZ (s, k), then
Tg(x =0, ¥ —)H(x — oY — 0)} = e H(#1(0+ 020D R ¢ (s, o),
where H(x,Y) is the Heaviside unit step function defined by
Hx—90Y—-0)={1, x>0, Y>00 otherwise.
Proof:
Toglp(x -0, Y —o)H(x —o,Y — 0)}

= 1 ()P () f f i1 6209 [ (x — 0,y — G)H(x — 0, — 0)]dxdY,
0 0

= p;(s)p2 () f f el @1x+02007) )y (y — 0, Y — ) dxdY,
0 0

Putw=x—-90,z=Y —o,
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= p;(s)p2 (k) f f e~ P1(W+e)=id2()+0) (v, 7)dwdz,
0 0
T {b(x—eY —0)H(x - Y —-0)}= e_i(¢1(s)9+¢2(")”)F2;(s, K). N

Theorem 6.5. Let ng{lp(x, }= FZ; (s, k) , then the double SE]JI integral transform for the partial fractional Caputo

derivatives [28] are:

1 (205 (1,60 50 a9 [ERD (n9) 1 (P00

dxY1
m—-—1<y<m, meN

i1.1,8 {22 = (165, (1)) By (5, 10) — pa () [ SRz (idh2 ()™ ™ g{akf(’;")}],

ayY2
I<y<nneN.
This theorem has the same approach of theorem (6.1) but with fractional orders.

7. Applications
7.1. Volterra Integral Equation:

The linear Volterra Integral Equation is thought to have

x Y
WGP = CCuY) 42 f f W(x - 0¥ — &) ple, 0)dedo, @
0 0

where ¥ (x,Y) is the unknown function, A € R and {(x,Y), p(x,Y) are two well-known functions.
Using the double SEJI integral transform for eq. (3) and theorem (4.1) to get

A
Fyg(s, 1) = To o {C(x, 1)} + ﬁ Fy (5,10 T, {p(x, 1)},
D1
A
FCS,K[l — xY] TC x,Y
Trg1¢(x, y
FyS (5,10 = e @)
T, Y
O GEAL ﬂ
By the inverse of this transform, the solution of eq. (3) is getting.
TZC {( (xl Y)}
WO =Ty y BE—
1-——~—F-T, Y
[ p1(s)p2 (x) Zg{p(x )
We can see obviously by the following example
Example 1
To solve the following equation
x rY
s =2 [ | veo)deas ©
o Jo

Where 6,4 € R.[15]
Applying double SE]I integral transform of eq. (5) and by (4), we get

(=D*p1 ()p2 (x) A (=0’p1()py ()

9109200 PIP()  ha()2()
SHID_ (00
c 1(S)P\K)  — — P1(S)p2 (K
B e N O P

AOIAG)
By taking the inverse of this transform we obtained the solution of ¥/(x,Y) in eq. (5)

c—1 | —6p1(s)p2 (x)
v =15 s )

C—1{ —p1(s)p, () f} ST C { —4p1(s)p, () }
9 | P:1(8)p, (1) — 29 | 4¢, ()P, (k) — 41

Fzg(s, K)=24 2; ®,x),

= 5T2
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Y0, Y) = 8J,(2VxY).
Example 2:

For solving the equation

x ¥y
a’y = f f Y(x—o0,y—0)P(p,0)dodo, (6)

Where a € R.

Applying double SE]JI integral transform of eq. (6) and by eq. (4), we get

2
QT (Y} = 0,

AOTXONE

YR S
] = 2 G

Fao(s,) = a(_i)%pl(s)l)z(x)'

[¢,()]29, ()

By taking the inverse of this transform we obtained the solution of f(x,y) in eq. (6).

3
V1) = Ty {M}

[1()]25 ()

e {(—iﬁpl(s)pz(x) ﬁ}
=aT, — .
[¢1()]2¢p, (k) T

a 1

YY) = ﬁﬁ

7.2. Volterra Integro- partial differential Equations:
The linear Volterra Integro- partial differential equation is represented by, [15]:

d Y d Y X Y
lpgj{ )_|_ lpg’; )=((X.Y')+/1JO Lw(x_Q'Y_O')P(Q,O')deO', o

with the conditions:

Y(x,0) =9o(x),  P(0,Y) = ho(M).

where Y (y,Y) is the unknown function, 1 € R and {(x,Y), p(x,Y) are two known functions.
By effecting the double SEJI integral transform for eq. (7) and using the single SEJI transform for the
conditions, we get

i1 () P2y (5,K) = p1 ()T {ho (N} + i (1) Fy (5, 1) — P2 (1) T {0 (1)}

c A c c
=T, {{(x, )} + ml‘}g(& )T {p(x, V)3,

Too {306, YD} + p1 ()T tho (N} + P2 (1) Ty {1ho (1)}

. . A c
i1 () + i, (k) — mng{P(x, )}
Then the solution of eq. (7)

®)

Fog(s,1) =
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1 | T2l YD} + pa ()T {ho (V)3 + p2 (1) T {10 (%)}
Yoo ) = T8 -
[16:6) + 16200 ~ 5o Tl Y| )
We can see obviously by the following example
Example3:
To solve the following equation

Wx,Y) YY)
ox aYy
with the conditions:

=—1+eX+el +e"+Y+J- fyb(x—gY—a)dea 9

Y(x,0) =Po(x) =e*,  P(O0,Y) =ho(y) =e".
where 1 =1,p(p,0) = 1.[15]

Applying double SE]I integral transform of eq. (9) and using the single SEJI transform for the conditions,

we get
P1 ()P (1)[i + 2i¢;1 (s) P, ()] _ P1(8)p2 (1)1 + ¢, ()] _ p1(S)p2(1)[1 + ¢1(s)]
F,C (s, k) = (i1 (s) = 1)y (k) — Digp1(s) P2 (k) 1 + [, (K)]? 1+ [p,(5)]?
2g\> 1) = . . —p1 (P2 (k)
91(5) + 6209 = 5
F,(s,r) = p1(s)p, (k)
207770 iy (s) — D(igho () — 1)

By taking the inverse of this transform we obtained the solution of {(x,Y) in eq. (9)

T.c” 1{ p1(s)p2 (k) } = XY
20 (g (s) — D (k) — 1) '

Y(x,Y) =
7.2. Partial Integro- differential Equations:
The form of the linear partial Integro-differential equation is as follows:

Py Y 92 Y x Y
lg;’i - ﬁiﬁ ) f ) + fo fo Y(x — e, ¥ —0)ple,0)deds ={(x,Y), (10)

1/)( 0) ay(0,Y)

with the conditions:
P(x,0) = o(x =P (x), ¥(O0,Y) =ho(Y),—5— P = hy(x).[15]
Y (x,0)

[i¢2(’f)]2Fz; (s,6) — l¢2(K)P2(K)T;{1/)0(x)} - pz(’f)TgC{ Y } — [ig1(s)]? Fzg(s' K) + i¢1(s)p1(s)TgC{h0(Y)}
aY(0,Y)
Ox

B8 (8, )T,E (oG, 1Y = T, (C 0, V),

1
} * Fzg(S, K)+ p1(8)p2 (k)

+ Pl(S)Tj{

FZ; (S! K)
| D5 )+ i (T (o0} + pa 0Ty {225 — im0 T o 00} = a7 {2E Y

. . 1
[ig,(O]* — [ig1()]* + 1 + mTz;{P(X, )}
To solve eq. (10), the inverse of the double SEJI integral transform is applied.

.(11)

[5G+ 162 00m, 0TS WG} + 00T {M} — iy PO o (1) - pr ()T {2521
=T,° .
’ [i2 ()12 ~ [igr (S)]? + 1+ RTIER0);

We can see obviously by the following example

pl(s)p W 2

Example4:
To solve the following equation

*Y(x,Y) %Yk, Y)
Yz  9x?

x rY
+Y(x,Y) +f J- eX et Y9 h(p,0)dodo = e**’ + xYVe*t¥ (12)
0 Jo
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with the conditions:

Y(x,0) = Po(x) = ex,% =9, (x) = e*, P(0,Y) = ho(¥) =e, =h () = e".[15]

Applying double SEJI integral transform of eq. (12) and using the single SE]JI transform for the conditions and

oY(0,Y)
0x

simplification, we get

PP () [(id1 (s) — D (i (k) — D([ipo (k)] — [1()]* + 1) + 1]
[(CHOEICACESY
(i1 () = Do) — D([ig2(1)]* = [i1()]* + 1) + 1 '
F C(S K) — pl(s)pZ(K)
ST (i () — D (g2 () — 1)
By taking the inverse of this transform we obtained the solution of {(x, y) in eq. (12).

et p1(8)p2 (1) — pXx+
Yoy) =Ty {(i¢1(s)—1)(i¢z(zc)—1)}_e §

FZ;(S' K) =

Conclusion

In this paper, the double SEJI integral transform is depended for solving some types of integral differential
equations. We can introduce important theorems and main properties for this new transform. The solved
applications in this work show that the suggested transform is almost perfect in solving integral differential
equations. In future, we can use this transform and solve kinds of fractional integral equations.
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